We formulate and discuss generalized bootstrap equations in nonabelian gauge theories. They are shown to hold in the leading logarithmic approximation. Since their validity is related to the self-consistency of the Steinmann relations for inelastic production amplitudes they can be expected to be valid also in NLO. Specializing to the N = 4 SYM, we show that the validity in NLO of these generalized bootstrap equations allows to find the NLO Odderon solution with intercept exactly at one, a result which is valid also for the planar limit of QCD.
Introduction
Bootstrap equations are among the most fundamental properties of the BFKL equation [1] . For the elastic 2 → 2 scattering amplitude:
with the signature factor ξ = −e −iπω + τ , (
(where the signature τ takes the value τ = + for the color singlet Pomeron channel and τ = − for the color octet exchange of the reggeized gluon) the well-known bootstrap property of the BFKL equation relates, via unitarity, for the color octet exchange channel the energy discontinuity (i.e. the imaginary part) of T 2→2 to the (leading) real parts of T 2→n production amplitudes 1 :
where dΩ n stands for the phase space integral of n produced gluons, and α g (t) = 1 + ω(t) (1.4) denotes the gluon trajectory. This bootstrap equation was first derived in the leading logarithmic approximation [1] . In the attempt to generalize to NLO, Braun and Vacca [2, 3] introduced the notion of 'strong bootstrap': one of the bootstrap properties is formulated as an eigenvalue condition of the two-reggeon Green's function which shows the close connection between impact factors and the wave function of the reggeized gluon. Conjecturing the validity of a set of strong bootstrap condition at NLO and making use of the NLO quark and gluon impact factor expressions they were able to compute the wave function of the reggeized gluon. After the computation of the full NLO BFKL nonforward QCD kernel in the color octet channel, the fulfillment of these conditions were explicitly proven by Fadin et al. [4] . A first step towards generalizing the bootstrap condition to inelastic amplitudes (still on the basis of single energy discontinuities) was carried out in [5] : apart from confirming the previous bootstrap relations, another bootstrap relation was formulated. This relation was finally proven in [6] .
In this paper we turn to double energy discontinuities of 2 → 3 inelastic amplitudes and show that they lead to generalized bootstrap conditions. As a by-product we show that, if these generalized bootstrap conditions are valid also in NLO, they can be used to predict the NLO Odderon solution and its intercept.
Double discontinuities in LL
Consider the signatured 2 → 3 scattering amplitude in the double Regge limit. In accordance with the Steinmann relations, it can be written as a sum of the two terms: 
2)
3)
and Ω i = sin πω i , Ω ij = sin π(ω i − ω j ). (2.5)
The signatures (τ 1 , τ 2 ) = (−, −)
We first concentrate on the negative signature case: τ 1 = τ 2 = − with reggeized gluons in both t-channels. In the leading logarithmic approximation the amplitude is known to take the simple factorizing form:
The leading log approximation of the 2 → 3 scattering amplitude 6) where Γ(t) and C(q 1 , q 2 ) denote the residue function and effective production vertex, resp. In the following we will show that the partial waves F R and F L can be determined from energy discontinuities and unitarity integrals. In particular, single and double discontinuities give the same answer, as a result of generalized bootstrap equations. Inserting the results for F R and F L into (2.1) we find agreement with (2.6).
Before we start to discuss discontinuities it maybe useful to say a few words on how energy discontinuities fit into the hierarchy of leading log (LA), next-to-leading log (NLA), and next-next-leading log (NNLA) corrections to the 2 → 3 scattering amplitude. For the (-,-)-signature configuration, the amplitude in LA is real-valued, any single discontinuity is imaginary and belongs to NLA , whereas a double discontinuity is real-valued again and belongs to NNLA. These energy discontinuities result from the signature factors only. When considering the real-valued double discontinuity, this NNLA term should not be confused with higher order corrections of the partial waves F L or F R : these have to be computed in a separate calculation. Our following discussion only addresses the energy discontinuities obtained from the signature factors, and we will study their compatibility with unitarity integrals.
Both the single energy discontinuities in the subenergy s 1 and the double discontinuity in s 1 and s determine F R . From (2.1) we find that
and
both determine F R . The diagrams corresponding to the single and double discontinuities are shown in Fig.2a and 2b , resp. When computing the unitary integrals illustrated in Fig.3a , it is convenient to transform into the CM system of the outgoing particles 1 and 2, using helicity conservation of the elastic scattering of particle 2, performing the 'multiplication' and then moving back into the overall CM system. Alternatively, one can use left and right gauges for the polarization vectors of the produced gluon. The result for the production vertices 2 V 1 and 2 V 2 are illustrated in Fig.4a and 4b , resp..
. Production vertices: a) the RRPR production vertex 2 V 1 , b) the RRPRR production vertex 2 V 2 black dots denote effective production vertices, straight line the gluon propagator 1/k 2 .
Next we define (amputated) BFKL amplitudes for two reggeized gluons, D a 1 a 2 2 (k 1 , k 2 ; q|ω), where k 1 + k 2 = q, a 1 , a 2 are the color indices of the reggeized gluons, and we suppress the color labels of the external particles 2 . For the color octet channel we factor out the overall color tensor and define the two-reggeon amplitude D 
where K 8r is the real emission part of the color octet BFKL kernel (i.e. it contains the color factor 
2 ). This equation has the familiar bootstrap solution
with −q 2 = t. In obtaining (2.10) it was essential that the inhomgeneous term, D (k 1 , k 2 ; q 1 |ω 1 ) (where k 1 + k 2 = q 1 ) with the production vertex 2 V 1 (k 1 , k 2 ; q 2 ) and use the bootstrap solution (2.10). After some algebra we find the following expression for the partial wave F 1 :
(2.11) Next we show that the same result also follows from the double discontinuity. Starting from the left hand part of Fig.3b , we first define the (amputated) three-reggeon amplitudes D
, and a 1 , a 2 , a 3 are the color indices of the three reggeons. Together with the two-reggeon amplitudes, they satisfy the following coupled integral equations: ωD
where the color superscripts denote the color structure, and lower subscripts refer to reggeon lines. In the second equation,
23 is the real emission part of the BFKL kernel acting between the reggeons '2' and '3', and it includes the structure constants f abc :
14)
The transition kernel K
3 a 3 m has the form:
We would like to stress that this transition kernel is symmetric under Fig. 3b , it is obtained as the product of two effective production vertices above and below and an elastic rescattering vertex in between.
We consider the special case where we antisymmetrize in the reggeons with momenta k 2 and k 3 :
(this defines the operator A 23 which antisymmetrizes in the two lower legs with momenta k 2 and k 3 and color a 2 and a 3 ). This function satisfies the equation
Provided the corresponding inhomogeneous term
is pointlike in the pair of momenta k 2 and k 3 (i.e. it depends only upon the sum k 2 + k 3 = k 23 ) and equals (k 1 , k 2 , k 3 ; q 1 ; ω) can be solved. One obtains: (k 1 , k 2 , k 2 ; q 1 |ω), (2.17), and makes use of the following relation between the 2 → 3 kernel and the BFKL kernel 3 : A similar equation holds for the RRPR production vertex, 2 V 1 . We show this in Fig.7b . The bootstrap condition (2.19) represents a generalization of the well-known bootstrap property of the two-reggeon Green's function (2.10). Relations of this kind where first derived in [7, 8, 9] . Note that, for this solution, we have not projected on any total color quantum number in the t 1 channel. In particular, this relation can be applied both to the color singlet and to the color octet channel.
Let us now apply this result to the double discontinuity in Fig.3b . In order to obtain, from the three-reggeon amplitude A 23 * D a 1 a 2 a 3 3 (k 1 , k 2 , k 3 ; ω 1 ), the left hand part of Fig.3b , we have to convolute with the RRPR vertex and add the convolution of the two-reggeon Green's function with the RRPRR vertex ( Fig.8 ):
Applying the bootstrap equation (2.19) to A 23 * D 3 , and using the commutator shown in Fig.7b , we obtain the solution illustrated in Fig.8 . Finally, we have to attach, on the rhs of Fig.8 , the two-reggeon Green's function with the solution 2.10). It leads to the single discontinuity in Fig.3a , multiplied with ω(q 2 ), in full agreement with (2.8). We have thus shown that, thanks to the bootstrap condition (2.19), single and double energy discontinuities are consistent and lead to the same answer for the partial wave F 1 . Finally, an analogous discussion also applies to the second term in our starting decomposition (2.1), to the partial wave F 2 . One finds:
(2.22) Inserting F 1 and F 2 into (2.1) one easily verifies (2.6).
We conclude this section by a comment on the generalized bootstrap relation (2.19). As we have mentioned, the validity of this relation is related to the commutator (2.20) which expresses the connection between the BFKL kernel and the 2 → 3 kernel. This commutator relation is easily verified from by direct calculation from the analytic form of K r and K 2→3 . Alternatively, one can invert the argument and ask whether this commutator relation can be derived from the validity of the bootstrap condition (2.19 
The modified commutator equation, derived from the validity of the bootstrap condition (2.19). The kernels are the momentum space expressions K r and K 2→3 , i.e. color has has been stripped off.
We write this equation in the following form:
Later on we will show that this relation enables us to derive the LO Odderon solution: the Odderon wave function and intercept can be derived from of the validity of the generalized bootstrap condition. Generalizing the validity of (2.19) to NLO, the same line of arguments allows to address also the NLO Odderon solution.
The signatures
Let us apply the same argument to another signature configuration, (+, −): now we have the BFKL Pomeron in the t 1 -channel and the reggeized gluon in the t 2 channel. The full 2 → 3 scattering amplitude has again the representation (2.1), but now, in the leading logarithmic representation, only the first term contributes (the second one is of higher order), and it is directly proportional to the discontinuity in s 1 (Fig.3a) . The consistency between the single discontinuity in s 1 and the double discontinuity in s 1 and s requires, again, a relation between Figs.3a and b. As we have shown above, the bootstrap condition (2.19) is valid both for the octet and the singlet representations in the t 1 channels. Therefore, our derivation of the relation between single and double energy discontinuities is the same as before: Fig.8 holds for singlet and octet representations in the t 1 channel.
NLO considerations
Let us now turn to NLO. Our previous discussion has shown that the validity of the bootstrap condition (2.19) is closely connected with the ansatz (2.1) for the 2 → 3 scattering amplitude and its double energy discontinuities. Similar to the familiar bootstrap equation, which was connected with the single energy discontinuity of the 2 → 2 scattering amplitude and which was shown to be valid in LO and NLO, it is plausible to expect that also (2.19) remains valid in NLO. In the following we assume that this is the case, and we investigate the consequences. We now concentrate on the color singlet t 1 -channel (i.e. the signature configuration (τ 1 , τ 2 ) = (+, −)) which has an overall color coefficient f a 1 a 2 a 3 for the threereggeon amplitude D 3 .
Let us first see how the integral equations (2.12) and (2.13) are modified in NLO 4 : 1) the gluon trajectory function is to be taken in NLO 2) in the equation for D 2 , we need the color singlet NLO impact factor D (1) 2;0 . It is known for several cases (e.g. the quark and gluon impact factors and the virtual photon impact factor). The NLO BFKL kernel in the color singlet representation is also known. 3) In the equation for D 3 , we need the NLO color singlet impact factor D 3;0 (k 1 , k 2 , k 3 )
(1 ) proportional to f abc . This impact factor, when antisymmetrized in the two gluons with momenta k 2 and k 3 , has to fulfill the strong bootstrap condition: 6) In (2.13) the integral kernel of the three-reggeon state receives a new contribution, a 3 → 3 kernel
. It arises from inserting, into the double energy discontinuity, a production vertex which is computed in quasiregge kinematics (QMRK). We illustrate the three contributions in the following The computation, most conveniently, uses Lipatov's effective action and follows the arguments given in [11] . The detailed form of this kernel will not be presented here. We only mention the following symmetry properties:
With these modifications we can write down the NLO analogue of the integral equation for A 23 * D 3 , (2.17): apart from the NLO corrections to the kernels we have the new 3 → 3 kernel. Let us now follow the argument given at the end of section 2.1: we assume that this NLO integral equation for A 23 * D (1) In Fig.11 we have stripped off all color factors in the following way. From the left we have projected onto the color singlet state by contracting the color labels of the two gluons. The BFKL kernels (containing only the real emission parts) are normalized to the projectors P 8 A or P 1 . The 3 → 3 kernel has been contracted, from the left, with the f abc tensor. In this way, all terms are proportional to the color tensor 1 2 f a 1 a 2 a 3 . The black blob denotes the NLO wave function of the reggeized gluon, ψ
8 . We give here a formula which encodes the relation of Fig. 11 . After moving all terms to the lhs we obtain:
Comparison of Fig.11 with Fig.9 and of (3.5) with (2.23) shows that they are of the same form, except for the new 3 → 3 kernel which appears first in NLO.
A possible implication for the NLO Odderon solution in N = SYM
The validity of the generalized bootstrap condition (2.19) beyond LL might have an interesting consequence for the Odderon solution in NLO.
A family of LL Odderon states
Let us briefly recapitulate the construction of odderon solutions at LL. The corresponding three reggeized gluon kernel can be written, after colour projection, as
where K 8r;ij = N 2 K r;ij is the LL BFKL color octet kernel (including only real emissions) acting on gluons with labels i and j. It is convenient to introduce the infrared safe kernels:
In the following we shall also use K 1r;ij = 2K 8r;ij . Note that in LO this kernel coincides with the color singlet BFKL Hamiltonian H 2 . In each term of the odderon kernel the 'non interacting' gluon trajectory functions are accompanied by delta distributions which will be omitted in the following. Such a kernel, due to the bootstrap property related to gluon reggeization, satisfies the following relation, when integrated with a constant function (unity),
where ⊗ ij stands for integration in q i and q j with the constraint of momentum conservation. Let us consider the BLV-ansatz [10] for the odderon solution (amputated):
where ϕ(k 1 , k 2 ) denotes a two gluon amplitude. Let us act with the odderon kernel on the first term (the other two are obtained by cyclic permutations). We have three contributions:
Summing these last three intermediate expressions one has
We now make use of the relation (2.23) illustrated in Fig. 9 (which was derived as a consequence of the bootstrap equation). We rewrite it for convenience for this specific case multiplying it by with N (since NK r = K 1r ):
and taking into account the factor 1/2 in Eq. (4.1) we find
Let us now consider the full ansatz for the solution given in Eq. (4.4). On applying H 3 we get
In [10] it was observed that if one choses, in the ansatz (4.4), a function ϕ(k 1 , k 2 ) which is antisymmetric under the exchange of k 1 and k 2 then, thanks to the symmetry properties of K 2→3 , the sum of terms in the last two lines is zero and
(4.12)
Moreover if ϕ is taken as an antisymmetric eigenfunction ϕ h of the singlet BFKL kernel K 1r with eigenvalue χ h , then ψ amp becomes an eigenfunction of the odderon hamiltonian:
It is well-known that the antisymmetric BFKL eigenfunctions have odd conformal spin quantum numbers n, and the leading eigenvalue χ(ν, n) belongs to ν = 0 and n = 1 with:
i.e. the intercept of this Odderon solution equals zero.
It is important to emphasize that a crucial ingredient in this argument was the bootstrap identity (4.9) and the symmetry of the kernel K 2→3 (q 1 , q 2 ; q 
An ansatz for a family of N = 4 SYM Odderon states at NLO
Let us now go to NLO and assume that the bootstrap condition (2.19) holds in NLO, in particular for the signature configuration (τ 1 , τ 2 ) = (+, −) with the t 1 -channel being in the color singlet configuration. As we have argued above, the validity of (2.19) implies Fig.11 , i.e. a generalized version of the commutator relation (3.5) also holds in NLO. From now on we specialize to the case of N = 4 SYM where special simplifications occur.
In [11] the NLO corrections for the Odderon kernel have been calculated. They consist of the new 3 → 3 kernel and the NLO corrections for the symmetric BFKL kernel in the color octet state. In particular, it was found that, in the supersymmetric case, due to the fact that also the scalar and fermion fields belong to the adjoint representation of the gauge group, the symmetric (d abc ) and antisymmetric (f abc ) NLO corrections for the BFKL kernel coincide. This implies that the NLO wave function for the reggeized gluon coincides with the NLO wave function for the symmetric d-reggeon: the degeneracy between the odd signature f -reggeon (gluon) and the even signature d-reggeon remains valid in NLO. We note that this degeneracy is not true for QCD in general, but it does apply for the particular case of QCD in the planar (large N c limit) . Moreover the 3 → 3 connected kernel recently computed in the d-projected color singlet channel is the same for both N=4 SYM and QCD. This implies that the NLO generalization of the commutator relation (2.20) remains the same if we replace the overall f structure by an overall d structure, and the f -reggeon by the d reggeon.
It is worthwhile to mention a specific feature of the NLO results obtained in [11] . For the calculation of the 3 → 3 kernel it was important to observe that the s-channel intermediate state gluons, initially, had to be taken as being off-shell. This lead to ultraviolet divergencies of the integrals over longitudinal variables which cancelled only after summing over all permutations of reggeized gluons. In the final result, i.e., after taking the sum over all permutations, the 3 → 3 kernel could be written as a sum of three cyclic permutations, each of them being the residue of the two poles of the s-channel gluon propagators, with the special constraint that the longitudinal momenta of the s-channel gluons had opposite directions. It is this feature which allows to identify the 3 → 3 vertex inside the double energy discontinuity (Fig.10) with the 3 → 3 vertex derived in [11] .
With these arguments, we now show that all the ingredients which went into the LO solution of the Odderon eigenvalue problem can be extended to NLO. As a result, the Odderon solution, again, is given by the n = 1 color singlet BFKL eigenfunction with intercept zero.
Let us start from the structure of the NLL BKP kernel [11] in the Odderon channel, i.e. having taken the projection on the d a 1 a 2 a 3 color singlet structure for the N = 4 SYM theory. The Hamiltonian now has the form:
where ω i are the reggeized gluon trajectories, K 8r;ij is the real part of the BFKL kernel in the symmetric octect channel, all of them now up to NLO accuracy, and K (123) is the connected three-gluon interaction term (in the tree approximation) which contributes first in NLO. The kernels in the 8 S representation, coinciding in N = 4 SYM with the ones in the 8 A representation are
and together with K (123) (also the same for the f abc and d abc singlet color states) are associated to infrared finite operators. It will be convenient to make also use of the color singlet Hamiltonian H 2 :
Since in NLO the real part of the BFKL singlet kernel, K
1r , is different from 2K (1) 8r , the NLO part of H 2 is different from that of K (ij) .
An important property of the octet kernel, valid also in N = 4 SYM, is the strong bootstrap equation
where ψ 8 is the gluon wave function
and which can be translated in the equivalent relation for the IR safe kernel
Upon perturbative expansion to NLO accuracy, it becomes:
Let us now consider an ansatz which extends the LL BLV wavefunction ψ (0) solution reviewed above to NLO:
We again consider a two gluon wave function ϕ = ϕ (0) + ϕ (1) (which later on will be chosen to be antisymmetric) and define
Note that the notation ψ 8Ŝq 1 stands for a splitting of a gluon carrying momentum q 1 , multiplied by the eigenfunction ψ (8) solution of (4.18). In more detail we have, for the first of the three cyclic permutations up to NLL accuracy:
Under which conditions can the wave function defined in Eq. (4.23) can be an eigenstate of the odderon kernel H 3 ? To answer this we proceed in the same way as in the provious subsection, i.e. we compute H 3 ψ and show that, with an antisymmetric function ϕ, ψ is, in fact, eigenfunction of H 3 with the kernel H 2 .
Expanding up to NLO let us consider the following notation:
3 . We wish to compute
cycl. perm.
which, up to NLO, means:
The last term containing ϕ (1) can be treated in the same way as the LO solution: if ϕ (1) is an antisymmetric function, this last term is eigenfunction by itself:
In the first two terms of (4.26) we begin with the first of the three cyclic permutations, ϕ 12,3 , and apply the kernel K (12) : this is just (4.20), i.e. we have the NLO term of the strong bootstrap condition (4.21). They can be written as 1 2 2ω
(1)
Next we consider the action of the remaining parts of H 3 on ϕ 12,3 :
Using (4.16) for the kernels K ij this expression can be rewritten as
.
(4.30)
We now use, for the last two lines of this equation, the relation (3.5) (or Fig.11 ) (which was derived from the validity of the generalized bootstrap condition) and obtain for this part of (4.30):
1r ⊗ϕ
12,3 +2ψ
12,3 −K to be an antisymmetric function. Then, after summing over all cyclic permutations and making use of the symmetric properties of the 2 → 3 kernel, the sum of terms containing K (ψ
8 H
2 + ψ
2 )ϕ 
Conclusions
In this paper we have shown that there exist, at least in the leading logarithmic approximation, generalized bootstrap relations (2.19) which are essential to guarantee the selfconsistency of the ansatz (2.1), in particular the compatibility between single and double energy discontinuities. They can be seen as a generalization of the familiar bootstrap equation (2.10) which guarantees, for the 2 → 2 scattering amplitude with color octet exchange, the consistency between the leading real part and the energy discontinuity (imaginary part). For this case the bootstrap condition has been shown to remain valid also in NLO accuracy. It is therefore tempting to expect that also the generalized version of the bootstrap equation discussed in this note is valid in NLO. If these generalized bootstrap relations are valid in NLO, they allow an interesting application for the NLO Odderon solution in N = 4 SYM. After reviewing the derivation of the LO Odderon solution we have shown that the same line of arguments can be applied also in NLO, i.e. there exists a family of NLO eigenfunctions which are constructed with the n = 1 color singlet BFKL eigenfunctions and share the same intercept up to one. In our argument, however, we are making use of a few properties of NLO corrections which are valid in N = 4 SYM but not in QCD. Therefore, without further direct QCD calculations we cannot conclude that also in QCD, for finite N c , the NLO Odderon has intercept one. Nevertheless it is possibile to make a weaker statement, that is that at NLO for QCD in the planar limit (large N c ) the Odderon exchange has a leading intercept at one.
It is clear that a direct proof of the NLO bootstrap equation (2.19) is of vital interest.
